We prove that every n-dimensional permutive cellular automaton is conjugate to a one-sided shift with compact set of states. This is a generalization of a theorem of R. Gilman.
Preliminaries

Cellular automata on finitely generated abelian group
In this section we recall the definition of a cellular automaton A with set of states S on an abelian group G of finite rank, and we give some notations (see [2, 3] for example).
We denote by Z the set of integers and by N the set of nonnegative integers. Let G be a finitely generated abelian group of rank n, (see for example [12, chapter 3] ). We fix a representation of G as a direct sum G = Z n ⊕ T , where T is a finite abelian group. Then an element g ∈ G is an (n + 1)-tuple: g = (m 1 , . . . , m n , h), m 1 , . . . , m n ∈ Z, h ∈ T .
The set of states S of the cellular automaton A is a finite set with cardinality |S| ≥ 1.
A configuration of A is a map x : G −→ S. The set of all configurations is denoted by S G or by M (G, S). The shift maps σ g : S −→ S are defined on the set of configurations as follows. For a given element g ∈ G the shift σ g is defined by σ g (x)(a) := x(a + g), ∀a ∈ G.
The cellular automaton A is a map A : S G −→ S G which is local and homogeneous. This means that the map A is defined by a given local (generating) function (or local rule) l : S N k −→ S, where N k = [−k, k] n × T , k ∈ N (S N k is the set of all configurations/blocks on N k with values in S). For a given x ∈ S G we denote by x| k the restriction of the configuration x to N k . Then the map A is defined by
There is an elegant topological definition of cellular automata in [10, Theorem 3.4] . To recall it we introduce a metric on the space of configurations S G :
k+1 if x = y where k is the least nonnegative integer such that there exists g = (m 1 , . . . , m n , h) ∈ G with
• |m j | = k for some j = 1, . . . , n.
The space S G with this metric is compact and totally disconnected, and therefore homeomorphic to the triadic Cantor set (see for example [14, p. 165-166] ). The shifts σ g : S G −→ S G are homeomorphisms. The set S G is a G-space, i.e., the group G acts on it as a group of transformations. The action is given by the embedding of G into the group of homeomorphims of the space S G to itself: g −→ σ g (see for example [11, p. 112-113] ). The natural maps B : S G −→ S G of the G-space S G are the G-maps, i.e., the continuous maps which commute with all shifts σ g :
In [10, Theorem 3.4] , it is proved that the cellular automata on S G are exactly the G-maps. The proof of Hedlund is given in the case where G = Z, but the same proof works in general (see [17] ).
1.2 Cellular automata on finitely generated abelian groups of rank n and on the n-dimensional lattice Z n In this section we give a representation of any cellular automaton on an abelian group G = Z n ⊕ T as a cellular automaton on Z n . For this purpose we will use the classical identification
defined as follows. Let x : Z n ⊕ T −→ S be a configuration. Then
is given by
for (m 1 , . . . , m n ) ∈ Z n and h ∈ T , (see for example [11, p. 23-24] ). The map i 1 is a homeomorphism. Now with a given cellular automaton A : S G −→ S G we associate a cellular automaton
with state space S 1 = S T such that the following diagram commutes
Remark 1 This means that the dynamical systems (A, S G ) and (A 1 , S Z n 1 ) are conjugate and therefore they have the same dynamics, see for example [7, p. 47 ].
Representation of multi-dimensional cellular automata as one-dimensional cellular automata
A cellular automaton A : S Z n −→ S Z n will be called an n-dimensional cellular automaton. Let n ≥ 2. We will use the identification i 2
, (see for example [11, p. 23-24] ). The map i 2 is bijective and bicontinuous. The elements z of the set M (Z, M(Z n−1 , S)) are configurations on Z with values in the compact (totally disconnected) space M (Z n−1 , S). The state space for these configurations is not a finite set but an infinite (compact) space. On the space M (Z, M(Z n−1 , S)) we consider the metric defined by
we introduced before.
With the cellular automaton A :
Remark 2 1. The (topological) dynamical systems (A, S Z n ) and (A 2 , S Z 2 ) are conjugate and therefore have the same dynamics.
2. The map A 2 is local, since the map A is local, i.e., induced by a local generating function. 3. On the space M (Z, M(Z n−1 , S)) there are two types of shift maps: σ m and s (m 1 ,...,m n−1 ) for m, m 1 , . . . , m n−1 ∈ Z. They are defined as follows:
The map A 2 is continuous and commutes with the shifts σ m and s (m 1 ,...,m n−1 ) . It is worth noting that not all continuous maps
which commute with all shifts σ m and s (m 1 ,...,m n−1 ) are local. For example take n = 2 and consider the map
This map is continuous, it commutes with all shifts σ m and s m , but it is easy to check that it is not local, i. e., ϕ = i 2 A i −1 2 for every cellular automaton A (hint: an "infinite memory" is needed).
One-sided shifts with compact state space
Let K be a compact set. On the set K N = M (N, K) we define the metric
where k is the smallest nonnegative integer with
is called the one-sided shift (shift on N) with state space K (see [6] for example).
Chaotic dynamical systems
Let X be a compact metric space and let f : X −→ X be a continuous map. The dynamical system (f, X) is called chaotic [7, 4] if and only if
• the set of periodic points of the map f is dense in X;
• (f, X) is mixing, i.e., for any two (nonempty) open sets U, V ⊂ X there exists k ∈ N with
Note that the one-sided shift is a chaotic dynamical system.
Remark 3
The dynamical system (f, X) is called expanding if there exists a number δ > 0 such that for any two different points x, y ∈ X there exists n ∈ N with ρ X (f n (x), f n (y)) > δ (here ρ X (., .) is the metric on the space X). The one-sided shift with state space K is expanding if and only if the set K is finite. For an expanding map f on a compact metric space X the dynamical system (f, X) is conjugate to a one-sided subshift with finite state space, [10, Theorem 2.1]. A one-sided subshift is a closed subset of the one-sided shift dynamical system invariant under the shift.
2 Multidimensional cellular automata conjugated to one-sided shifts with compact state space
Using the notion of permutive cellular automata, that was introduced in [10] , Gilman proved in [9] that (bi)permutive one-dimensional cellular automata are topologically conjugate to one-sided shifts with appropriate finite state space. (Note that Gilman uses the expression "linear automata" for "one-dimensional automata". Usually "linear automata" are automata whose local rule is linear.) This implies that (bi)permutive cellular automata are chaotic as dynamical systems. This theorem was rediscovered several times, e.g., see [1, 19, 15, 8, 5] . We will generalize this result to n-dimensional cellular automata. For simplicity of notations we will only consider the case n = 2. Let us first recall the definition of permutivity in the one-dimensional case [10, Definition 6.3]: a one-dimensional cellular automaton is called permutive if and only if the local function has the property that, when all its variables but the leftmost (resp. the rightmost) take any fixed values, then the resulting one-variable function is a bijection. Note that permutivity is sometimes called permutativity in the literature; it is also called the class M property in [1] .
We now introduce an appropriate notion of permutive 2-dimensional cellular automaton. Let A : S Z 2 −→ S Z 2 be a 2-dimensional cellular automaton with states in a finite set S, induced by a local generating function λ : 
such that the set of essential points of λ of the form (α, l) or (β, −l) is equal to the set
• the inequalities a 1 < 0 < a u , b 1 < 0 < b v hold;
• the map λ is permutive at the four points
Example 1 Let S = GF (q) be the finite field with q elements. Then S U k,l is a vector space over GF (q). The cellular automaton A with local generating function λ is called a linear cellular automaton if the map λ : S U k,l −→ S is linear (over GF (q)). The linear cellular automaton A is permutive if λ has essential points (a 1 , l), (a u , l),
Remark 4 Permutivity was defined only for cellular automata on the grid Z n . It can be defined in a similar way for a cellular automaton on a finitely generated abelian group of rank n, either directly, or by using the conjugation of such cellular automata with appropriate cellular automata on the grid Z n .
Proposition 1 Let A be a 2-dimensional permutive cellular automaton with state space S. Then, the dynamical system (A, S Z 2 ) is congugate to a one-sided shift (σ K , K N ) with appropriate compact state space K.
Proof.
We use an idea of Gilman in [9] and consider the map
for x : Z 2 −→ S (here A n is the n-th iteration of the cellular automaton A).
The map h is continuous and the diagram
Note that if the map h is defined from a continuous map that is not a cellular automaton (i.e., that does not commute with the shifts), then the map h is not necessarily surjective or bijective. But here we prove that h is bijective.
Step 1. The map h is injective Assume that h(x 1 ) = h(x 2 ) for x 1 , x 2 ∈ S Z 2 . We will prove that x 1 = x 2 . The proof is by induction and we will only give the first two steps. Since h(x 1 ) = h(x 2 ), we have h(x 1 )(0) = h(x 2 )(0). This is equivalent to x 1 (m, n) = x 2 (m, n) for (m, n) ∈ M . We will prove by induction on m that
. The next steps of the induction are similar. Having x 1 |M = x 2 |M and x 1 (m, n) = x 2 (m, n) for m ∈ Z, −l ≤ n ≤ l we prove as above that x 1 (m, n) = x 2 (m, n) for m ∈ Z, −∞ < n ≤ −l.
In the same way we prove that
In the same manner, using the permutivity of λ at (a 1 , l) and (a u , l), we prove that x 1 (m, n) = x 2 (m, n) for m ∈ Z, l ≤ n < ∞.
Step 2. The map h is surjective Let c : N −→ S M . We have to find an extensionc : Z 2 −→ S of c(0) with h(c) = c. This is done in several steps by induction, using the permutivity of the cellular automaton A. First we extend c(0) on M ∪ (Z × {l + 1}). For all (m, l), with m ≥ a u , the procedure is the same as for (a u , l). We show only this step. The permutivity of λ at (a u , l) implies that there exists only one s ∈ S such that for c 1 :
we have c(1)(0, 0) = λ(c 1 ). Then we definec(a u , l) = s. Using the permutivity of λ at (a 1 , l) we definec for (m, l), m ≤ a 1 . In the same way the extensioñ c is defined for (m, n), m ∈ Z, n ≥ l. Using the permutivity of λ at (b 1 , −l), (b v , −l) we define the extensionc for (m, n), m ∈ Z, n ≤ −l.
Remark 5
1. A consequence of our Proposition 1 above is that, for any permutive cellular automaton A : 2. As we mentioned before the one-sided shift with infinite compact state space is not expanding. The n-dimensional cellular automata, n ≥ 2, are conjugate to one-dimensional cellular automata with a Cantor set as state space. This is at least an intuitive reason for the result in [18] that n-dimensional cellular automata are not expanding for n ≥ 2.
3 Continous maps commuting with some powers of the shift
Here we consider a continuous map B : S Z −→ S Z for which there exists an integer l ∈ N, l ≥ 2 such that Bσ l = σ l B. We call such maps l-cellular automata; they are also called place-dependent cellular automata [16] . In the case where the cellular automaton is linear, the reader can look at [13] . The map B is continuous and satisfies σ 2 B = Bσ 2 , i.e., it is a 2-cellular automaton. We say that the map B is generated by two local generating functions. In a similar way we define maps induced by l generating functions. The theorem of Gilman [9] that we generalized above also holds for l-cellular automata. Consider an l-cellular automaton B induced by the generating functions f 0 , . . . , f l−1 : S 2k+1 −→ S. We say that the l-cellular automaton B is permutive if f 0 , . . . , f l−1 are permutive at the leftmost and the rightmost arguments.
Proposition 3 Every permutive l-cellular automaton is conjugate to an appropriate one-dimensional shift with finite state space.
The proof is similar to the proof of Gilman [9] .
